demand/supply mechanisms, by pulling the above levers they have at their disposal. In this paper and related works, (Kashyap (2016b (Kashyap ( , 2016c we derive various results that consider the modus operandi of the players in the lending business and supplement the results with practical considerations that can be operationally useful on a daily basis.
The securities lending business is a cash cow for brokerage firms. Lenders are assured of a positive spread on every loan transaction they make. Historically, the loan rates were determined mostly as a result of a bargaining process between parties taking the loan and traders on the securities lending desks. Recent trends, due to increased competitive pressures among different players (lending desks and other intermediaries), the introduction of various third party agents that provide information and advice to beneficial owners (the actual asset owners who supply inventory to the lending desks), and the treatment of securities lending as an investment management and trading discipline, have compressed the spreads (difference between the rate at which lending desks acquire inventory and the rate at which they make loans) and forced lending desks to look for ways to improve their profit margins.
To aid this effort at profitability, it is possible to develop different models to manage spreads on daily securities loans and aid the price discovery process, improve the efficiency of the locate mechanism and optimize the allocation of inventory, develop strategies for placing bids on exclusive auctions, price long term loans as a contract with optionality embedded in it and also look at ways to benchmark which securities can be considered to be more in demand or highly shorted and use this approach to estimate which securities are potentially going to become "hot" or "special", that is securities on which the loan rates can go up drastically and supply can get constrained. (Kashyap 2016c ) looks at some of these recent innovations being used by lending desks and also considers how these methodologies can be useful for both buy side and sell side institutions (that is, for all the participants involved). (Kashyap 2016b ) looks at how to either design an appropriate securities lending exclusive auction mechanism or to come up with a strategy for placing bids, depending on which side of the fence a participant sits.
In this paper, we develop models to price long term loans in the securities lending business. These longer horizon deals can be viewed as contracts with optionality embedded in them and can be priced using established methods from derivatives theory, becoming to our limited knowledge, the first application that can lead to greater synergies between the operations of derivative and delta-one trading desks (which are usually organized as distinct business units in most investment firms) by leading to the direct use of risk management software, related tools and procedures, and even personnel from derivative trading desks for delta-one desks, perhaps even being able to combine certain aspects of the day to day operations of these two seemingly disparate entities. We run numerical simulations to demonstrate the practical applicability of these models. These models are part of one of the least explored yet profit laden areas of modern investment management. The next generation of models and empirical work on securities lending activity would benefit by factoring in the methodologies considered here.
We develop a heuristic that can mitigate the loss of information that sets in, when parameters are estimated first and then the valuation is performed, by directly calculating the valuation using the historical time series. We illustrate how the methodologies developed here could be potentially useful for supply chain management. To our limited knowledge, this is the first known instance of such an application of options theory in the securities lending space, for inventory management and the direct use of the historical time series.
In addition, these techniques could be useful for dealing with emissions trading, other financial instruments, non-financial commodities and many forms of uncertainty.
Term Loans and Optionality
Definition 1. A long term loan is a structure wherein the intermediary will guarantee a certain quantity to a short seller for a certain time period at a fixed loan rate or within a band of rates.
The intermediary can guarantee a certain quantity by considering the fluctuations in the supply of shares it receives, the rate at which it can source the shares and the impact on profits when it is not able to meet the obligation to fulfill the loan amount. Hence, a long term security loan has optionality due to the availability of shares, being modeled as a Geometric-Brownian-Motion (GBM). Even though shares are traded, availability from a loan perspective is a non traded asset, making our model to price loans a "pseudo real option" based methodology. Hence, we relate our methodology to the use of options pricing for non-traded assets and briefly review the literature on real options. The techniques in these studies can be useful for extensions to our model, which adds to the growing use of option theory in aiding decision making against various forms of uncertainty. The links to real options will be clearer when we discuss the inventory management application in section 4. (Quigg 1993 ) examines the empirical predictions of a real option pricing model using a large sample of real estate market prices. (Tee, Scarpa, Marsh and Guthrie 2014) analyze the effects of an emissions trading scheme on the value of bare-land on which pine trees are to be planted by applying a real options method, assuming stochastic carbon and timber prices. (Baldi and Trigeorgis 2015) develop a real options theory of strategic human resource management based on human capital flexibility or adaptive capability to respond to a range of future contingent landscapes in contrast to the static traditional human resources view of employee groups as a portfolio based on specificity and value. (Grullon, Lyandres and Zhdanov 2012) close the loop between traded assets and real options, by finding evidence that the positive relation between firm-level stock returns and firm-level return volatility is due to firms' real options. Consistent with real option theory, they find that the positive volatility-return relation is much stronger for firms with more real options and that the sensitivity of firm value to changes in volatility declines significantly after firms exercise their real options. 
Buy Side and Sell Side Perspective
The sell side here would be the collection of intermediary firms that source supply and lend it on to final end borrowers. The buy side here would have two segments of firms. One, the end borrowers who either have a proprietary trading strategy or hedging that requires shorting certain securities. Two, the beneficial owners who are long and provide supply to the intermediaries also fall under the buy side category. Depending on which side a firm falls under, they will find the below derivations useful, since it will affect the rates they charge or the rates they pay.
The primary beneficiaries of long term loans would be the actual short sellers that have trading strategies dependent on being implemented for a certain time horizon. If they are able to short securities at reasonable loan rates without getting recalled or the rate getting hiked, their trading strategies are more likely to be profitable. Clearly, they would be willing to pay more for term loans, since the rates on regular loans can be changed on a daily basis and the number of shares on loan can either be reduced or the loan can be closed out forcibly (known as a recall). The intermediaries that make term loans will find this as lucrative new revenue stream.
Definition 2. An alternate structure, or a long term borrow, that locks in the rate and amount the intermediary borrows from external suppliers can also be easily priced using our methodology.
Such a structure can ensure that the intermediary can lock in a minimum level of profits on securities with volatile supply or if they are expected to become hard to borrow. It is worth noting a stark difference between an exclusive contract and a long term borrow. In an exclusive contract, one intermediary will have access to all the long positions of a beneficial owner or supplier; but the owners can still take back their shares at any time or demand a higher borrow rate.
Term loans have been offered by short selling desks for at-least the last six to seven years. Though, to our awareness, there is no rigorous work that provides a pricing methodology or connects the creation and ongoing maintenance of term loans to established financial-economic principles. There is also no data available on the size and profitability of term loans [See end notes (4); (5) and Baklanova, Copeland and McCaughrin (2015) for more details on the size of the securities lending market. The global securities on loan is around 2 trillion USD (Figure 1 ) . More than 10% of the securities in all regions have loan rates in excess of 5% annually and there are securities with loan rates of almost 25%, indicating that there could strong drivers for both term loans and borrows, from both sides of the market.] Perhaps, part of the obstacle for the further development of the term loan business could be the lack of a more technical approach and the training of the personnel on the desk regarding option pricing and risk management.
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Uncertainty and Unintended Consequences
As we will see in later sections, valuation of a term loan requires understanding uncertainty from numerous angles. As the participants try to find better and improved ways to capture this uncertainty (Kashyap 2014a),
we might see that the profitability of using this mechanism might decrease for participants from both sides.
This can lead to us believe that over time, as better valuation methods are used by the participants, in an iterative fashion, the profits will continue to erode. The other effect might be that with more participants doing term loans, a secondary market for the options on a term loan could get established. Also perhaps, with increasing number of term loans, the availability of shares will get locked in causing exponential pressure on the rates. A welcome outcome might be the mitigation or hedging of the risk or exposure from the rest of the loan book by reducing the total variance of profits. (Froot 1995) examines the hedging properties of real assets, (assets that increase in price in response to inflation shocks, with some similarities to our earlier discussion on real options) to a portfolio of stocks and bonds and finds that leveraged positions in commodities with a high energy component, such as oil, exhibit strong hedging properties by reducing the total variance significantly.
The cyclical nature of the transactions, which in some case can have its tentacles spread far and wide, can result in catastrophic repercussions, especially when huge sums of money move back and forth (Kashyap 2015a ). (Uboldi 2016 ) looks at the distortions (and perhaps instability) in the prices of agricultural goods caused by the huge volumes of derivatives traded on them. No discussion involving randomness is complete (Taleb 2005 (Taleb , 2007 , especially one involving randomness to the extent that we are tackling here, without being highly attuned to spurious results mistakenly being treated as correct and extreme situations causing devastating changes to the expected outcomes. Things can go drastically wrong even in simple environments (Sweeney and Sweeney 1977) , hence in a complex valuation of the sort that we are dealing here, extreme caution should be the rule rather than the exception. (Kashyap 2015b (Kashyap , 2016a ) look at recent empirical examples related to trading costs where unintended consequences set in. With the above background in mind, let us look at how we can model a term loan and come up with an indicative price.
Rainbows and Baskets of Binary Barrier American Options
A simple term lending structure can be modeled as a Binary American cash or nothing / asset or nothing put option. This option pays a fixed cash rebate or the payoff of another asset if a certain binary condition is satisfied during the life of the option. The binary condition occurs when the underlying price falls below the strike price or a preset barrier is breached making this a Binary Barrier down-and-in put option. By using this model, we can use established ways from derivative pricing theory to price and even possibly hedge such deals (Windcliff, Wang, Forsyth and Vetzal 2007 discuss hedging with correlated assets). As a comparison, it is worth noting that the basic structure will be cheaper than the corresponding vanilla put option and we will report this benchmark in the numerical results. Additional structures can be created by using other combinations of European, American, Asian, call, put, up, down, in, out, etc. and even on multiple securities, Rainbows and Baskets, depending on the preferences and willingness of loan desks and their clients; the possibilities are endless.
Barrier options are the among the most common types of exotic options. They are prevalent enough to almost consider them as plain simple options (Carr 1995 the number of paths leading from S t to a point higher than X, that touch a barrier level H (H < S t ) before maturity, is equal to the number of paths from an asset that starts from H 2 /S t and that reach a point higher than X. Using the reflection principle we can then simply value both European and American barrier options barrier option models instead of the commonly used path-independent approach by arguing that path dependency is an intrinsic and fundamental characteristic of corporate securities because equity can be knocked out whenever a legally binding barrier is breached. A direct implication of this framework is that equity will be priced as a down-and-out call option, deviating from the work of (Black and Scholes 1973), after which, corporate securities have been viewed in terms of standard (i.e., non-exotic) options written on the underlying assets of the firm. options. We will point out other useful references in the relevant sections below.
Notation and Terminology for Term Loans
• H i , the quantity of the term deal for security i for the entire duration of the loan.
• A it , the total Availability on the stock in shares, at a particular time, t, for security, i. This is the amount available to make term loans and includes fresh supply reported from external lenders, the existing borrow book positions, inventory from internal trading desks and amounts taken and also unused holdings from exclusive arrangements.
• B it , the Borrow book carried by the desk in shares, at a particular time, t, for security, i. This is the existing amount borrowed form external lenders.
• I it , the Internal Inventory the intermediary holds in shares, at a particular time, t, for security, i.
• O it , the supply that can be sourced from Other beneficial owners than exclusives in shares, at a particular time, t, for security, i.
• E it , the amount taken out from the Exclusive pool in shares, at a particular time, t, for security, i.
• P it , the holdings available in the exclusive Pool that is not current drawn or is unused in shares, at a particular time, t, for security, i.
• L it , the Loan book carried by the desk in shares, at a particular time, t, for security, i. This is the existing amount of loans to external borrowers.
• R it , the Rate on the loan charged by the intermediary, at a particular time, t, until the next time period, t + 1, for security, i.
• Q it , the borrow rate, an alternate rate to R it , indicating the cost at a particular time, t, until the next time period, t + 1, for security, i. This could be the rate at which supply from other beneficial owners is sourced or could be a theoretical rate when no rate from other beneficial owners is available. Q it < R it .
• q it , is the spread added to the borrow rate to form the loan rate R it .
• c, the constant factor governing the spread and the borrow rate.
• f , the constant fee to utilize the exclusive holdings. This is converted from the payment made for the duration of the exclusive to apply on a daily basis.
• S it , the Security price at a particular time, t, until the next time period, t + 1, for security, i.
• υ, the Valuation of the term loan, for the duration extending from t = 0 to t = T.
• T , is the expiration time period or the total duration for which the term loan will be contracted.
• υ constant , υ proportional time , υ constant counter , υ proportional counter , υ stock holding , υ borrow rate , υ stochastic demand , υ historical is the set of valuations.
• β = 1 (1+r) , is the discount factor, r is the risk free rate of interest. Further complications can be introduced by incorporating continuous time extensions to the short rate process.
• n, the number of securities available in the term deal, i ∈ {1, ... , n}. This applies when we are looking at rainbows, baskets or other multi-security structures.
• K i ,K i , the constant payoffs on the term deal if the barrier is breached for security i in the downward and in the upward direction.
• θ ij , λ ij are the scaling constants for security i in the partition j for the availability and stock price time series. These facilitate the use of the historical time series for option valuation.
• p is the number of partitions of the historical time series for option valuation.
• T js and T je are the start and end times of the j th historical time series.
• D it , the Locate requests received, in shares, at a particular time, t, for security, i.
• δ it ∈ [0, 1] , the conversion rate of locates into borrows, at a particular time, t, for security, i. We can simplify this to be the same per security.
• δ i , the conversion rate of locates into borrows for security, i. We can simplify this further to be a constant across time and securities, δ.
• δ i D it , then indicates the excess demand that the desk receives, in shares, at a particular time, t, for security, i.
• P , the profits of the loan desk from the entire loan book over the duration T .
• N, the number of trading intervals.
• The length of each trading interval, τ = T /N . We assume the time intervals are of the same duration, but this can be relaxed quite easily. In continuous time, this becomes, N → ∞, τ → 0.
• The time then becomes divided into discrete intervals, t k = kτ, k = 0, ..., N . We simplify this and write it as t = 0 to t = T with unit increments.
• It is common practice to consider daily increments in time for one year. The fees paid generally also applies on weekends and holidays, though there would be no change in any of the variables on these days. Some firms use 252 trading days to annualize daily loan rates and other fee terms.
• ∀ a, b ∈ + , a + = max {a, 0}, a − = max {−a, 0}, and a b = min {a, b}.
Setting the Stage
We first discuss some properties of the different variables and how the intermediary looks to influence them to increase profits. The total amount of regular loans made, L it , other than the term loans on a security, has to be lesser than the earlier combination of the five variables before it can satisfy the condition on the subsequent level: internal inventory, I it , the amount used, E it , and available, P it , from the exclusives, the external borrows, B it and O it , the supply that can be sourced externally. 1)
Should there be a shortage, the amount on regular loans will be used to towards fulfilling obligations on terms loans. This should make it clear that the total availability,
excludes amounts on other terms loans on the same security. Should there be a shortage, we can create a pecking order of term loans depending on the profitability / risks on a specific loan and factors related to the counter party, in terms, of the value of the business being carried out with that counter party by the desk and even other parts of the business. We assume that the process for total availability, A it , follows a GBM. It is possible to assume that the individual components follow processes of their own and find the properties of the combined process (Pirjol and Zhu 2016 consider the sum of GBMs). We make this simplifying assumption and take the availability as exogenously driven.
Stock prices and the borrow rates are also taken as exogenous GBMs. What happens in practice is that there is usually a baseline for the loan rates that is derived from a combination of the borrow rate and a theoretical rate. The theoretical rate is used to moderate the loan rate in case the borrow rate is completely absent or is stale (no recent borrow for many days or even weeks sometimes). It is also useful when supply becomes available cheaply from some sources and remains expensive from other sources (weighted average borrow rates or the latest borrow rate are also used sometimes). The theoretical rate and the spread added to the borrow rate to form the loan rate are other decision variables at the disposal of the intermediary. For simplicity, we take the spread to be a proportion of the borrow rate, that is, q it = cQ it . This assumption is the most realistic scenario, but depending on the size of the exclusive and internal inventory (indicative of market share and hence pricing power), the loan rates can further be taken as variables the intermediary can influence. A deeper discussion of how loan rates are set including the addition of a spread component will be taken up in subsequent papers devoted to just the complex mechanics of rate manipulations, where we relax this assumption and consider a wide array of factors that can alter the spread.
Hull (2010) provides an excellent account of using GBMs to model stock prices and other time series that are always positive. The borrow, external supply, the internal inventory and exclusive holdings represent number of shares, and hence are always positive making them good candidates to be modeled as GBMs. The borrow process is highly volatile, with the the order of magnitude of the change in the total amount of shares lent out, over a few months, being multiple times of the total amount. The internal inventory and external supply can change significantly as well, though there would be less turnover compared to the borrow process.
This would of course depend on which parts of the firm the inventory is coming from. The holdings of the exclusive are the least volatile of the three processes that govern shares (or at-least the intermediary would hope so). The volatility of inventory turnover (or any supply) can be a sign of the quality of the inventory and this can be used to price a rate accordingly. This extension and other improvements, where the loan rates and the internal inventory can be made endogenous as opposed to the present simplification, where they are exogenous, will be considered in a subsequent paper (Kashyap 2016c ).
The locate process which is more precisely modeled as a Poisson process with appropriate units, can be approximated as the absolute value of a normal distribution. This introduces a certain amount of skew, which is naturally inherent in this process. The locate process can be useful to know what demand the desk can expect and when higher demand is anticipated, it can supplement the the volatility of the availability, as an indicator that the rate on the term loan needs to be higher. 
It is worth keeping in mind that the intermediary firm or the beneficial owner will have access to a historical time series of some of the variables and hence can estimate the actual process for the various variables. External parties will not know the time series of all the variables with certainty and hence would 
Benchmark Valuations
The objective of a rational, risk neutral decision maker at the intermediary would be to maximize profits from the overall loan book by swapping the supply available to either term loans or regular loans and this action forms a crucial part of his decision making. With the setting discussed earlier, a term loan becomes a American down-and-in binary put option with the availability process as the underlying. The strike and the time to expiration are the quantity and the time period respectively of the term loan. The volatility governing this option is the volatility of the availability process. The value of this option, υ, can be expressed as a continuously compounded annualized rate, ln (υ/H i S i0 ) /T , over the duration of the loan with
representing a notional amount in monetary terms. We first consider two simple forms of payoffs:
This applies only the first time the breach happens. It is to be understood that the contract is complete after the first breach and the payoff is made.
2. A single payoff proportional to the time left on the deal,
The payoff could be based on the interest rate or other values as well.
Again, this is valid only when the first breach happens. of availability process σ > 0, drift µ ∈ and time-to-expiry T is given below. It is assumed H i < A i0 , the initial value of availability, since a binary option is exercised as soon as it is in the money.
Here, erf is the error function; 
Extremely Exotic Extensions
The below payoff expressions are more realistic and reflect the full cost borne by the desk to fulfill the obligations on a term loan. The American style exercise option is only partly applicable, since the proper way to look at them is by considering a series of cash flows being exchanged between the two parties for the duration of the loan, though any mid-term terminal clauses can be modeled as American options being exercised.
1. A constant or proportional payoff is levied every-time the barrier is passed in a downward direction. The indicator function can be used to count the number of instances when this occurs, i.e.
T t=0 I (A it < H i ). When the availability moves back above the barrier, a reverse cash flow can be accumulated. An approach from (Erdos and Hunt 1953) derives results regarding the change of signs of sums of random variables. This can be used to estimate the number of times the availability falls below the term loan quantity and hence the number of times a penalty, K i or K i (T − t), is incurred.
Alternately, we can proceed as follows. Let the following variables, {Up it , Down it } represented by the corresponding functions below, denote the criteria that captures whether availability is more than the quantity on the term loan for security i or vice versa and the cashflows to be made accordingly. When availability is more than the quantity, we are in the Up it state. This means, that the barrier breach that can happen next when we are in the Up it state is in the reverse direction, or it will be in the
Proposition 1. The valuation expressions that capture a constant or proportional payoff every-time the barrier is passed are given by,
Here, x is the floor or the greatest integer function, which gives the largest integer less than
is the expectation taken at time t = 0.
Proof. See Appendix 10.1.
2.
A payoff equal to the cost of holding a stock position, equal to the extent of shortfall in any given time period, for the entire duration of the term loan. In the first period, we accrue the cost of buying the amount of short fall and from the subsequent periods we need to either buy or sell to make up for whether the availability is higher or lower than the deal amount. After the last time period, we dispose of any excess stock accumulated.
This can be simplified to,
In continuous time (Brennan 1979 for the conversion of discrete to continuous models and vice versa) with discounting using the interest rate, r, we have,
A forward starting loan that starts at time, κ ≥ 0, further than the present time, can be handled by considering, 3. The examples thus far ignore the borrow rate at which availability is sourced. A realistic scenario that considers this would add the payoff from the other scenarios as a spread on top of the borrow rate. To the cost of holding a stock position equal to the extent of shortfall, adding a borrow rate corresponding to the amount on the term loan fulfilled from the availability, gives a complete formulation for the revenue that can be expected from this structure. This gives the valuation of the term loan with three sources of uncertainty.
The above formulation treats the borrow rate at any particular point in time, as being applicable to the entire availability used up for the term deal. A more realistic scenario can treat even the quantity that applies to the borrow as being brought in or taken out similar to the way a stock position is bought or sold at the prevailing prices. This is realistic since different borrow amount are sourced at different rates. Either form can be used, depending on the specifics of how the borrow rates are managed by the desk. In the last period, unlike a stock position, there is no cashflow from unwinding the shares borrowed, but for simplicity, we can assume that the shares borrowed are used for another loan at the prevailing borrow rate (though the actual proceeds will be higher since the loan rate will be more than the borrow rate). This gives,
4. We could calculate the revenue of the desk by looking at the cost of sourcing external borrows at the borrow rate, utilizing internal inventory and exclusive holdings to meet the shorting demands of external clients at the loan rate. This would also differ from the previous scenarios by factoring in the different sources of inventory and the corresponding costs. This assumes that there is no cost to use internal inventory and a constant daily fee for the use of the exclusive holdings. Further complications are possible by including transaction costs for the use of exclusives and funding rates for the internal inventory. These benchmark revenue figures can act as a sanity check and provide practical bounds for the term loan valuation.
Another structure could consider the varying utilizations or shorting needs of clients, reflecting the scenario when demand or the term loan quantity is stochastic. This means the client can be given access to a loan facility and the utilization of the loan could be changed at the discretion of the client.
Hence, the amount on the term loan H it or the strike can be made to vary according to another suitably defined GBM ( of the underlying and prove a symmetry result for look-back options using the same technique. Though in our case, both the strike and the underlying process vary under different GBMs).
This acts as a natural segue to the next section on the application of our methodology to inventory management.
Application to Inventory Management and Emissions Trading
This methodology can aid in the process of inventory management by evaluating the profit and loss over Let Q t represent the supply received (quantity ordered) by the retailer before time, t with the requirement to sell it before the next time period, t + 1. Retailer faces stochastic demand, D t for the corresponding time period, which can be modeled using suitable GBMs, perhaps more accurately with jumps. Let, the unit cost to manufacture the product be c, the wholesale price at which manufacturer produces and sells to the retailer be w, the salvage value of any unsold product is s per unit, and the stockout cost of unsatisfied demand is r per unit. The final price at which retailer sells is p. To avoid unrealistic and trivial cases, we assume that 0 < s < w < p , p > c and 0 < r. The profit and loss, P R , over a time period T can be calculated as,
The approach of optimizing the quantity ordered to maximize expected payoff is well known. Instead or in addition, the retailer could structure the payoffs when the demand breaches barriers, as option contracts, and the treatment from sections 3.3 and 3.4 can apply with some modifications as below.
If demand falls below a certain threshold, H, that is, if there is a breach (D t ≤ H)
; 0 ≤ t ≤ T in a particular time period within the full duration, the retailer incurs a loss or payoff K. This covers the case wherein a certain quantity is ordered for all the time periods over a predetermined horizon, perhaps with contractual commitment, and an additional cost (storage, disposal or salvage value less than wholesale price) is involved when there is excess inventory on any particular time period within the full horizon of the contract. This applies only the first time the breach happens and is similar to an American down-and-in binary put option yielding the below formulation,
A single payoff proportional to the time left on the deal (say, before the supply contract can be renegotiated and could be related to the interest rates), r (T − t) /T or K (T − t) /T , if there is a breach
Again, this is valid only when the first breach happens.
The scenarios where demand goes above a certain upper limit giving rise to costs,K, from loss of goodwill due to shortages etc. can be handled analogously.
3. Other extensions can cover scenarios where costs K,K, are incurred every-time there is a demand breach in the downward or upward direction respectively,
The valuation expressions that capture a constant or proportional payoff every-time the barrier is passed are given by,
4. In the above cases, the costs are time invariant or proportional to time, without any dependence on the demand process or the level of inventory. All the cost variables can be set as stochastic processes, with a slight abuse of notation or by assuming some of them hold at the start and others at end of each time period, giving, We relate our methodology to emissions trading indirectly through the demand process. Higher demand requires higher levels of emissions and hence, options that breach certain upper limits of demand can indicate when emission thresholds might be breached and hence payments might need to be made or emissions contracts put in place to handle the outcomes. A direct approach can be along the lines of (Chaabane, Ramudhin and Paquet 2012), who present a model that explicitly considers environmental costs and can assist decision makers in designing sustainable supply chains over their entire life cycle. This facilitates the understanding of optimal supply chain strategies under different environmental policies for recycling and green house gas emissions reductions.
Before we perform a standard simulation based valuation, we show a way to utilize the rich historical dataset at the disposal of the intermediary. As it will become clear, this technique can be used to price many kinds of derivative contracts and has wide application beyond pricing term loans. Given the complexity and the number of variables to be estimated, a simple transformation provides a heuristic to calculate the payoff from the historical time series of each of the variables. This can then be used as a possible guide to the calculation of the term loan rate. The initial values of the stochastic variables in the historical dataset, as well as the barrier level or strike as necessary, can be scaled by a constant to match the values of the corresponding variables at the start of the option contract. This gives us a path of the evolution of the stochastic process, the GBM in our case. Depending on the amount of historical data, the historical series is split into partitions and the valuation is done on each portion and then averaged.
Calculating the value of the option contract directly ensures that nothing is lost in translation by first estimating the parameters of a distribution and then using those to perform the valuation. A key assumption made is that the GBM process has stationary moments or that the volatility is not time varying. Clearly this In our case, the scaling constants, θ ij , λ ij for each security i in the partition j, are chosen such that, the starting value of the historical availability and stock price time series match the corresponding values at the inception of the contract. The amount of the term loan or the strike is not scaled in the structures we have discussed, but might be necessary in other situations. Using this, we show below the historical valuation for the cost of holding a stock proportional to the extent of shortfall,
Here,
All the different structures, υ constant , υ proportional time , υ constant counter , υ proportional counter , υ stock holding , υ borrow rate , υ stochastic demand , can be calculated using the historical approach. This approach also allows the calculation of the time series of the daily profits that would accrue to the intermediary firm. The volatility of the daily profits can be suggestive in terms of how aggressive one should be in picking one of the various alternative loan structures.
We give an illustration of how different paths can be generated from a single historical time series and be used to value options akin to a simulation based procedure. Figure 2 shows the full time series that is available; including the starting value, the drift and the volatility (which were also chosen randomly from suitable uniform distributions) since we are simulating this series. The full series has about 2590 observations, equivalent to say ten years of historical data. In figure 3 we show multiple paths that have been generated by splitting the overall series into smaller portions and scaling the starting value of each sub-portion to coincide with the starting value of our underlying process. In figure 3a we split the full series into ten non-overlapping portions and in figure 3b we split the full series into nineteen paths with almost half of each sub-portion overlapping with one of the other sub-portions. In both the overlapping and non-overlapping cases, each smaller series has 259 observations. We see that despite the overlapping, we have a rich set of paths that captures the jumps or movements inherent in the true process. 
Sample Data Generation
A typical intermediary can have positions on anywhere from a few hundred to upwards of a few thousand different securities and many years of historical data. It is therefore, a good complement to use the historical time series and calculate the valuation from the corresponding formulae derived in sections 3.3 and 3.4. To demonstrate how this technique would work, we simulate the historical time series. Also, the term loan buyer (as opposed to the intermediary, who would be the writer of the contract) is unlikely to have access to the full historical time series (but might have the time series of loan rates and availability) and hence could simulate the variables for which the historical data is absent, as shown in this section, to come up with a valuation. The simulation seed is chosen so that the drift and volatility we get for the variables (mean and standard deviation for the locate process) are similar to what would be observed in practice. For example in Figure 4 , the price and rate volatility are lower than the volatilities of the borrow and other quantities, which tend to be much higher; the range of the drift for the quantities is also higher as compared to the drift range of prices and rates. This ensures that we are keeping it as close to a realistic setting as possible, without having access to an actual historical time series. The volatility and drift of the variables for each security are shown in Figure 5 . The length of the simulated time series is one year or 252 trading days for each security. A sample of the time series of the variables generated using the simulated drift and volatility parameters is shown in Figure 6 . The full time series shown below is available upon request. 
Closed Form Benchmark Valuation
We first show a grid with the results for the American binary put closed form valuation in Figure 7 in currency terms. As expected, the results seem to confirm well known properties such as; longer expiration date, higher volatility, starting value and strike (term loan amount) being closer, lower drift away from the strike; lead to higher valuations. It is easily verified that the valuation is most sensitive to the volatility of the underlying process. for five steps to get a maximum increase (decrease) of 150% (50%) of the initial values of the corresponding variables. We also repeat each of the variable value change scenarios with different number of iterations of the Monte-Carlo sampling, ranging from 5000 to 50,000 with an increase of 5000 iterations each time. This results in a total of 611 different scenarios for each valuation. Figures 8 and 9 show the valuations when the number of iterations is changed and when the availability volatility is varied. Figure 10 shows the values of the other variables for the sample valuations shown. Despite the simplicity of our calculation engine, we build some intelligence such that it can pick up and resume the computations from the last point where it was stopped. This is useful since the total computer time required to perform these valuations was around 56 hours and any errors that could abruptly stop the calculations would mean having to repeat from scratch, an extremely time consuming process. The full matrix of results is available upon request. A key extension can be to introduce jumps in the stochastic processes (Merton 1976; Kou 2002 The availability process and other processes that follow a GBM but represent integer valued variables such as number of shares need to be rounded down to the nearest integer in each time period. For simplicity,
we have ignored this since this would not affect the valuations significantly. A longer historical time series will help get better estimates for the volatility of the availability since this is a key factor governing the uncertainty in the term loan rates. In the numerical results, we hope to extend the scenarios to include stock price and loan rate related changes.
A significant amount of analytical work can be done regarding the use of historical series to get multiple paths for the stochastic process to perform the valuation. Among the various time series properties that could be studied, we could check any redundancy created by different levels of the extent of overlap by comparing it to the no overlap scenario. We have provided some hints regarding the sensitivity of the valuations to changes in the parameters values and needs to be investigated further. We have briefly mentioned the possibility of hedging the term loan using correlated assets. These will be pursued in later papers.
A key open question is to decide which of the valuations to use when writing a term loan when there are no contractual differences to the client but the valuation simply uses a more complex scenario. This aspect will require views on how the loan rates might evolve and which securities in the exclusive pool will stay special or might become special, and hence can be used to pick either a more aggressive or a less aggressive valuation. In a subsequent paper, we will look at how we can systematically try and establish expectations on loan rates and which securities might become harder to borrow and hence provide higher profit margins on the loans. Efforts to gauge future demand can be aided by looking at the locate requests seen by the desk. More locate requests could indicate a future strain on the availability process keeping in mind that the locate process is noisy with low locate to loan conversation ratios. The locate conversion ratio can also be the result of profit maximization when the Knapsack algorithm is used to allocate the locates.
Conclusion
The paper presents a theoretical foundation supplemented with empirical results for a largely unexplored financial business. We have developed models to price long term loans in the securities lending business. These longer horizon deals can be viewed as contracts with optionality embedded in them and can be priced using established methods from derivatives theory. We have derived the payoff functions for many structures that can act as term loans. We have provided numerous references to further explore techniques for solving these and derived the closed form solutions where such a formulation exists and in situations where approximations and numerical solutions would be required, we have provided those. The results from the simulation confirm the complexity inherent in the system, but point out that the techniques we have used can be a practical tool for the participants to maximize their profits.
This methodology could be used to calculate the profit and loss for inventory management, assuming that the demand process is like the availability and a payoff or cost occurs every time a barrier is breached.
Similarly it could be potentially useful for dealing with many forms of uncertainty related to other financial instruments and even non-financial commodities.
While ambitions to produce a normative work on long term loan valuations would be commendable, the present state of affairs in social science modeling would perhaps mean that our efforts would fall far short of a satisfactory solution. Though our work considers many elements of a securities lending system at face value, it cannot be termed positive, and if it ends up producing useful finance (McGoun 2003), its purpose is well served. 
Proof of Proposition 1
Proof. It is worth noting that Up it and Down it are mutually exclusive. Only one of them can be one in a given time period. We consider the following four scenarios that can happen, back to back, or in successive time periods.
Of the above scenarios, the following indicates the payoff incurred correspondingly. There is a cashflow exchanged, when a state change occurs either from Up to Down or from Down to Up.
The above is equivalent to
The table below ( Figure 11 ) summarizes the payoffs exchanged, based on the difference between variables across successive time periods, when one of the four combinations occurs. As an example, Down it , Up i,t−1 means that in time period t − 1, security i is in the Up State, or Up i,t−1 = 1 and in time period t it is in the Down State, or Down it = 1. Hence, when this combination occurs, we have, (Down it − Down i,t−1 ) = 1 and provided them to the broker by the settlement date of the transaction. Once the broker had received the certificates, they would be passed on to the lending broker. This arrangement was not subject to any formal agreements and there was no exchange of collateral. Securities Lending is a significant market practice whereby securities are temporarily transferred by one party, (the lender) to another (the borrower)/ The borrower is obliged to return the securities to the lender, either on demand or at the end of any agreed term.
For the period of the loan, the lender is secured by acceptable assets or cash of equal or greater value than the lent securities, delivered by the borrower to the lender, as collateral. With such simple beginnings, today, today the business generates hundreds of millions of dollars in revenue and involves the movement of trillions of dollars' worth of financial instruments. The Over-The-Counter (OTC) nature of the business means that is hard to come up with actual numbers in terms of size and profitability.
Below we chronicle various circumstances that lead to the demand for securities loans.
• Market making and proprietary trading
The most common reason to borrow securities is to cover a short position -using the borrowed securities to settle an outright sale. But this is rarely a simple speculative bet that the value of a security will fall, so that the borrower can buy it more cheaply at the maturity of the loan. More commonly, the short position is part of a larger trading strategy, typically designed to profit from perceived pricing discrepancies between related securities. Some examples are:
• Convertible bond arbitrage: buying a convertible bond and simultaneously selling the underlying equity short.
-'Pairs' trading: seeking to identify two companies, with similar characteristics, whose equity securities are currently trading at a price relationship that is out of line with the historical trading range. The apparently undervalued security is bought, while the apparently overvalued security is sold short.
-Merger arbitrage: for example, selling short the equities of a company making a takeover bid against a long position in those of the potential acquisition company.
-Index arbitrage: selling short the constituent securities of an equity price index against a long position in the corresponding index future.
-Other market making and proprietary trading related activities that require borrowing securities include equity/ derivative arbitrage, and equity option hedging.
• Borrowing for Failed Trades A failed trade may be defined as one where delivery cannot be completed because of insufficient securities available. This is not deliberate policy, but is caused by any number of general administrative problems.
Borrowings to cover fails are mostly small and short in duration (one to five days). The borrower keeps the loan open only until he can complete delivery of the underlying trade. An example of this type of transaction occurs when a broker's client sells stock, but fails to deliver the securities to his broker.
The broker borrows the stock, settles the trade and places the resultant settlement funds on deposit.
He thereby earns interest on this cash and avoids fail fines. He then unwinds the loan once the client has delivered his securities.
• Borrowing for Margin Requirements.
To meet margin requirements, for example at the Exchange Traded Options Market, Securities can be borrowed cheaply and lodged as margin, rather than depositing cash.
• Temporary transfer of Ownership
Another large class of transactions not involving a short is motivated by lending to transfer ownership temporarily to the advantage of both lender and borrower. For example, where a lender would be subject to withholding tax on dividends or interest but some potential borrowers are not. Subject to the possible application of any relevant specific or general anti-avoidance tax provisions or principles, the borrower receives the dividend free of tax and shares some of the benefit with the lender in the form of a larger fee or larger manufactured dividend.
Loans drawn down by market makers and traders on equity instruments are typified as being large in volume and long in duration. For lenders, these loans represent the greatest opportunity to maximize profit. This is also the reason for referring to these business units as stock loan desks, even though they lend fixed income securities, handle repurchase agreements, manage collateral and other securities borrowing related activities.
The supply of securities into the lending market comes mainly from the portfolios of beneficial owners such as pensions, insurance companies and other such funds. Majority of the funds or asset owners work through agents or intermediary brokers. Intermediaries act between lenders and borrowers. For their services, the intermediary takes a spread. Many institutions find it convenient to lend stock to one or two intermediaries who then lend on to many more counter-parties. This saves administration and limits credit risks. The spread is the result of a bargaining process between intermediary brokers and beneficial owners on one side and between intermediary brokers and end borrowers on the other side.
